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Abslroci ral every (fizz)-’ turns. Thus, a circular beam of phase- 

When a beam undergoes a collective oscillation, its emit- 
space radius A that is kicked into a collective oscillation 

tance tends to grow because of variations in betatron tune 
of amplitude a will eventually smear out into a circle of 

which are due to energy spread and chromaticity and to 
radius A + a. For the SSC p is expected [3] to be about 

non-linear lattice characteristics. In this paper we e&imate 
-4.8 x 10-5mm-2 and the rrns beam width O.l2mm, so 

the emittance growth in the SSC caused by the measured 
that the characteristic time for non-line- sm.eeing will be 

ground motions at the SSC site and by beam-beam effects 
about 1.4 x 10” turns, or 7 minutes. 

in the Jostlein beam-centering scheme [l]. B. Amount of Emiiiance Growih 

I. EMITTANCE GROWTH FROM CXROMATICITY 

The vector trajectory of a pencil beam kicked through 
an angle a at the point so, where the betatron function has 
the value &, is (using normalized coordinates 11 E z/fi. 
and 9’ G dq/d4, d being the betatron phase beginning at 
so): 

rjE rj+ irj’ = io&e-“. (1) 

However, after N turns, the pencil beam has spread into 
an arc whose rrns width [2] in the phase coordinate is 
n+ = (2aEc/v,)sin nv,N, where (r~ is the rms energy 
spread, c the chromaticity, and v, = f,/fo is the relative 
synchrotron frequency. 

If there is only a single kick, this spreading in phase space 
is reversed after one half of a synchrotron period, and, in 
the linear approximation, at integral numbers of turns the 
pencil beam again collapses to a point, with no net smear- 
ing having occurred. However, if the beam is repeatedly 
kicked at random times, the elementary spreading effects 
occur in many directions in phase space and will tend to 
add as in a two-dimensional random walk. The characteris- 
tic time for this process is one half of a synchrotron period, 
which for the SSC at 20TeV is O.l25sec, or 430 turns. 

A. Non-Linear Tune Vmiotion 

If the bet&on tune varies with amnlitude as 

If the amplitude of collective oscillation is 0, Syphen [4] 
has shown that the emittance dilution factor F at equilib- 
rium is 

F q e/e. = 1+ (a/@/2, (3) 
where c is the rrns beam width. With random excitation, 
the collective amplitude after N turns is expected to be 
a~v’??, where al is the rms increase in amplitude per turn. 
(The cake of sinusoidal excitation will be treated in a later 
section.) 

II. AMPLITUDE OF COLLECTIVE OSCILLATIONS 
PRODUCED BY GROUND MOTION 

If a single quadrupole (of focal length 1~) at the point so 
in an otherwise perfect machine is suddenly moved by the 
amount 62, the resulting trajectory of a bunch that had 
been traveling on the ideal central orbit is given by equa- 
tion (1) with the angle a given by a = 6+/f*. However, 
the bunch will no longer be on the closed orbit, which now 
becomes 

qco = (6z/fo)(fi/2 sin nv)e-‘(+ --“). (4) 

The collective oscillation is the difference between equa- 
tions (1) and (4): 

I& = -(6z/fq)(fi/2 sin rr~)e-~(++~~). (5) 

u = Ilo + p2* c2) 
Thus, it can be seen that the amplitude of the collective OS- 
cillatic+n induced by the elemenlary motion of a quadrupole 

then any radial locus of points in phase space is continu- 
is equal in magnitude to the corresponding contribution to 

ally transforming in a spiral, adding one turn to the spi- 
the induced closed orbit. 

If now the quadrupole is moved again during the revolu- 
This work supporred by Fermi National Accelerator Laboratory, 

for the U.S. Dcparrmenr of Energy, under Contract No. DEACOZ- 
tion time of the beam, the consequent change in the closed 

76CHD30W. 
orbif will add linearly to that produced by the first motion. 

?Operated by the Univerritier Research Aarociation. Inc.. for However, the two contributions to the collective oscillafion 
the U.S. Deparrment of Enersy under Contract No. DEACOZ- must be added vecloria//y, since they will differ in phase 
89ER4046.5 by 27~. 
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Because of the fixed relationships in amplitude and in 
phase between the contributions to the collective oscilla- 
tion and to the closed orbit produced by the elementary 
motion of a quadrupole, we can conclude that the col- 
lective amplitude produced by the elementary motion of 
the 1,000 quadrupoles in each SSC ring is equal to the 
corresponding increment in the overall closed orbit. We 
have already computed the closed orbits for each ring and 
combined them to find the beam separations at the cross- 
ing points for several types of ground waves at many fre- 
quencies (51. For each case we can conclude that the rms 
incremental amplitude of collective oscillation is equal to 
(Zfi)-’ of the maximum incremental beam separation. 
Thus, at a typical ground-wave frequency (w,/lls) we ob- 
tain 

a1 = w* 4wk4, (6) 

where zp is the beam separation due to ground motion at 
that frequency at a reference crossing point, and f0 is the 
revolution frequency in the SSC (3.44 kHz). The resultant 
emittance dilution factor then is 

F= l+w,’ +*T/(hVd). 

where T is the time period of interest. 

(7) 

III. GROWTH FROM MEASURED GROUND MOTIONS 

Measurements 161 were made at tunnel depth at the SSC 
site of ground motions due to trains crossing overhead, 
blasts from nearby quarries, and ambient background. All 
showed very ragged, irregular wave forms so that we feel 
that equation (7) should apply. 

A. Growih Due to Train Crossings 

The maximum beam separation due to trains [5] was 
O.lOpm caused by ground waves in the ~-HZ band plus 
0.066pm from a hand near 7Hz. The rms width of the 
beams at this interaction point is 4.8pm. For a time 
T of 120 seconds, the dilution factor (adding the two 
contributions in quadrature) is 1 + 1.1 x 10e3, which 
would not be observable. If the quadrupole displacements 
should be amplified by a factor of, say, 5 due to the mag- 
net support structures, the emittance growth would be 
1 + 2.8 x lo-*-still not an important effect. 

B. GrowtA Due io Quarry Blasfs 

The maximum beam separation due to quarry blasts was 
found to be 0.93pm due to ground waves in the l-Hz band 
plus 1.12 pm from the ~-HZ region. The geophone detectors 
showed relatively large ground motion for about 30 seconds 
in a typical section of the ring. The resulting dilution 
factor is 1 + I.14 x 10e2, which is not a worrisome level. 
However, an amplification factor of 5 due to the quadrupole 
supports would raise this dilution factor to 1+ 0.28, which 
would be significant, since the luminosity would drop by 

the some factor permanently if corrections could not be 
made promptly. 

C. Growth Due lo Ambient Ground Motion 

Measurements of the ambient ground motion at several 
tunnel positions around the ring at different times varied 
over two orders of magnitude. The average amplitude was 
0.015 pm, the typical frequencies were in the region of 3 FIz, 
and the wave-forms were ragged and irregular. Since we 
know little else about these waves, we have tried to make 
a conservative estimate of their effects by assuming that 
they are due to random plane waves having an unfavor- 
able direction and negligible attenuation. For such waves 
our program [5] predicts a maximum separation of about 
0.03 pm at a low-beta crossing. For a 12-hour period the 
resulting en-dttance dilution factor is l+ 1.1 x 10el, which 
is about the same as for the worst-case quarry blast. Again 
an amplification factor of 5 would raise this dilution fac- 
tor to B significant level. It would he harder to correct 
in this case because the growth of the collective oscilla- 
tion per characteristic smearing period is so much smaller 
that it would he difficult to measure. More complete data, 
including wave direction and velocity, are needed. 

IV. GROWTH DUE TO A BEAM-CENTERING SCHEME 
AND THE BEAM-BEAM EFFECT 

In the Jostlein [l] beam-centering scheme, one beam 
is rotated about the other at an interaction point, and 
the resulting variation in luminosity serves to measure the 
amount and direction by which the two beam centers miss 
each other. In this situation each beam acts on the other 
to first order like a moving quadrupole of focal length 
fo = P0/(4xAubb), where Aubb is the head-on beam-beam 
tune shift. On the nfh turn each beam receives a kick: 

dij= ia, E i (b,,,&/f~) sin(2m+,,n), (8) 

where b, is the amplitude of the sinusoidal beam modu- 
lation at relative frequency v, E fm/fo cycles per revolu- 
tion. 

Consider a pencil of beam whose vector amplitude at 
turn zero is x. At turn N its amplitude will he: 

‘i, = (. (((i+ ia.)e-zrY~ + ial Pl; 

+...+*.N)! -. +iaz) e-i2ru, 

= ~~-‘2=13,UYi+i~.“,-;2~ZNY,, (9) 
0 

where vk is the net bet&on tune on the kth turn 

A. Chromaticity Eflecis 

Consider first the variation of bet&on tune with energy: 

ut = u. + 6E t sin(2sv.k + 8), (10) 
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where 0 is the phase in synchrotron phase space at turn 
zero. In this c.we equation (9) can be summed approxi- 
mately to give the spreading in phase space, relative to an 
on-momentum particle, as: 

fN = [2sb,&Gp (/(f* sinrv,)] e--iZr”~N 

( [cos(Zsv,N + 0) sin m+N e”“+N/(2sin TW+) 

-sin n(v+ + v.)N e ir(u++u*)N+ib/(4 sin 7r[u+ + u,]) 

- sin 7r(v+ - u,)N e ir(u+-v.)N-ie/(4*i,,[“+ - “,])I 

- [same with v+ - u-l), (11) 

where v* 5 v. ?r v,,,. This expression describes a compli- 
cated motion that repeatedly goes through zero with ape- 
riod of I/u. turns. It represents a breathing motion whose 
maximum amplitude, evaluated at the collision point, is 
approximately 

It maxl = 2xv,b,fl,6E</(f~ sin xv, sin* nv,). 02) 

Thus the motion is bounded. For the case f,,, = 20Hz, 
Po = 0.5m, 6E = cE = 6 x 10-5, c = 5, AQ~ = 0.004 
I--+ f~ = lOm), v, = 1.16 x lOTa, and v. = 123.4, 
zma.l = 0.576,. Thus, if the amplitude of modulation is 

a small fraction of the beam size, the increased emittance 
due to the chromaticity tune spread is negligible, provided 
that no resonances are involved. 

Simulations in which particles are followed according to 
equations (9) and (10) are in excellent agreement with 
these conclusions. 

B. Non-Linear Tune-Shift Effects 

Using the non-linear tune dependence of equation (2) 
in equation (9) and assuming relatively small quadrupole 
motion, we obtain for the vector amplitude at the N”’ turn 
the approximate expression: 

rlN = e-i2rN”* {i+ [b,&/(2fq)] 

[eiru+N sin nv+N/sin xv+ 

-eir”-N sinsv-N/sinav-1) , (13) 

where VA = v. + pAZ, and here u+ = VA zk v,. Thus, all 
particles of the same absolute initial amplitude IAl have 

the same relative motion, so that no smearing occurs, and 
the beam motion induced by the sinusoidal motion of the 
‘beam-beam quadrupole” averages to zero, again provided 
that no resonances are invoived. Again, simulations using 
equations (2) and (9) are in excellent agreement with these 
conclusions. 

C. Possible Disagreement with 06scruaiions 

These results on the effect of sinusoidal modulation of 
one beam relative to the other at a crossing point may be 
in disagreement with the experimental observations [7] at 
CERN, where beam effects were observed at modulation 
frequencies in the range 2 to 10 kHz, well below the beta- 
tron frequency band (13.5-14.5kHz) in the SPS collider. 
However, they also observed in the beams higher harmon- 
ica of the modulation frequencies, and they found that the 
modulation equipment produced higher harmonics of the 
excitation frequencies. Since the deleterious beam effects 
could have been due to harmonics that fell in the bet&on 
frequency band, it is still not clear experimentally whether 
sinusoidal modulation in the presence of the beam-beam 
effect causes appreciable emittance degradation. No such 
effects were seen at modulation frequencies below 2 kHz. 
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